Abstract: Using He's homotopy perturbation method (HPM), the modified KdV equation which has not a small parameter is solved. The approximate Jacobi elliptic function solution is obtained. When the modulus of the Jacobian function tends to unit or zero, the corresponding solitary wave solution and trigonometric function solution are obtained. The results reveal that the HPM is very effective, convenient and quite accurate to systems of nonlinear equations.
Introduction
In this letter via using the homotopy perturbation method, we consider the Jacobian elliptic function solution of the modified KdV equation 
where α and β are constants. Fu et al. [1] found some Jacobian elliptic function solutions of Eq. (1) using Jacobian elliptic function expansion method. There are many methods to find solitary wave solutions of various nonlinear wave equations, but each method has its own shortcoming or limitation, which is valid for a special kind of nonlinear problem. The discussed mKdV equation was studied by many authors via different approaches with merits on the one hand and disadvantages on the other hand, for example, the Darboux transform method by Chen et al. [2] , the inverse scattering method by Huang et al. [3] , Jacobian elliptic function method by Fu et al. [1] , and Adomian's decomposition method by Yan [4] .
The homotopy perturbation method (HPM) was first proposed by He [5, 6] . Using homotopy technique in topology, a homotopy is constructed with an embedding parameter which is considered as a "small parameter". Recently, the homotopy perturbation method have become more and more attractive due to the effective and convenient [7] [8] [9] [10] [11] [12] . However, there are few work about the Jacobian elliptic function solutions.
The aim of our Letter is to further extend the method to solve the mKdV equation with the Jacobian elliptic function initial condition. By using the HPM, we get the explicit solutions of the mKdV equation without using any transformation method. The method presented here is also simple to use 1 To whom any correspondence should be addressed.
for obtaining numerical solution of the equations without using any discrete techniques. Furthermore, we will show that considerably better approximations related to the accuracy level would be obtained.
Basic idea of He's homotopy perturbation method
To illustrate the basic ideas of this method, we consider the following nonlinear differential equation [6] :
with the boundary conditions of
where A is a general differential operator, B a boundary operator, f (r) a known analytical function and Γ is the boundary of the domain Ω. Generally speaking, the operator A can be decomposed into two operators, L and N, where L is linear, and N is nonlinear operator. Eq. (2) can therefore be rewritten as follows:
By the homotopy technique, we construct a homotopy
where is an embedding parameter, u
0 is an initial approximation of Eq. (2), which satisfies the boundary conditions. Obviously, from Eqs. (5) and (6) we will have:
The changing process of p from zero to unity is just that of V (r,p) from u 0 (r) to u(r). In topology, this is called deformation, L(V )−L(u 0 ) and A(V )−f (r) are called homotopy. According to the HPM, we can first use the embedding parameter p as a "small parameter", and assume that the solution of Eqs. (5) or (6) can be written as a power series in p:
Setting p=1 result in the approximate solution of Eq. (2):
. lim
The combination of the perturbation method and the homotopy method is called the homotopy perturbation method(HPM), which has eliminated the limitations of the traditional perturbation methods. On the other hand, this technique can have full advantage of the traditional perturbation techniques. The series (10) is convergent for most cases. However, the convergent rate depends on the nonlinear operator A(V ):
(1) The second derivative of N(V ) with respect to V must be small because the parameter may be relatively large, i.e.,p→1.
(2) The norm of L −1 ∂N/∂V must be smaller than one so that the series converges.
Analysis of the method
To investigate the traveling wave solution of Eq. (1), we first construct a homotopy as follows:
Suppose the solution of Eq.(11) and the initial approximations are as follows:
where u i , (i = 1, 2, 3, . . .) are functions of (x, t) yet to be determined. Substituting Eq. (13) into Eq. (11), and equating the coefficients of the terms with the identical powers of p, we have 
In order to obtain the unknowns of u i (i = 1, 2, 3, . . .), we must construct and solve the following system which includes three equations with three unknowns, considering the initial approximations of Eq. 
Application
Now, we consider the solutions of Eq. (1) with the Jacobian elliptic sine function initial condition [1] :
where k and b are arbitrary constants, m is the modulus of the Jacobian elliptic function. To calculate the terms of the homotopy series (16) for u(x, t), we substitute the initial condition (17) into the system (15), the solutions of the equation can be obtained as follows: (19)   2  2  6  2  2  6  6  2  2  4  3  3  2  4  3   2  5  2  6  4  2  4  4  3  4  6  2  2  5  5  2  4  4  2   2  2  3  2  2  7  2  2  2  2  2  5  2  2  2  2 )} , 
With initial conditions (17), the Jacobian elliptic sine function solution of Eq. (1) is in full agreement with the ones constructed by Fu et al. [1] . To examine the accuracy and reliability of the HPM for the modified KdV equation, we can also consider the Jacobian elliptic cosine function initial value [1]:
where b and k are arbitrary constant. To calculate the terms of the homotopy series (16) for u(x, t), we substitute the initial conditions (24) into system (15) and finally using Maple, the solutions of equation can be obtained. Following this procedure as in the first example, if we set β α 
In this case, the Jacobian elliptic cosine function solution of Eq. (1) is in full agreement with the one constructed by Fu et al. [1] . Because the Jacobian elliptic function have special character. When the modulus m→0, sn(ξ)→sin(ξ), cn(ξ)→cos(ξ), dn(ξ) →1, so the trigonometric function solution can be obtained. (28)   3  5  5  2  9  4  3  7  2  3  2  8  9  3   4  9  2  3  2  7  4  3  2  2  6  9  2  3  7  3  2   2  7  2  3  2  5  5  2  9  4  3  4  4  7  2  3  2   7  4  3  2  5  2  5  2  4  9  4  3  3  7  3  4  5  5  2  9  6  3   6  4  4  2  2  2  2  4  2  6  6  3  6  3  3  2  8   2  2  5  5  2  2  6  9  3  2  3  7  3  2  7  4  3 
When the modulus m→1, sn(ξ)→tanh(ξ), cn(ξ)→sech(ξ), dn(ξ) →sech(ξ), so we can obtain the solitary wave solution. 2  2  6  2  2  6  6  2  2  4  3  3  2  4  3   2  5  2  6  4  2  4  4  3  4  6  2  2  5  5  2  4  4  2   2  2  3  2  2  7  2  2  2  2  2  5  2  2  2 
Comparing the results with the exact solutions
To demonstrate the convergence of the HPM, the results of the numerical example are presented and only few terms are required to obtain accurate solutions. The accuracy of the HPM for the modified KdV equation is controllable, and absolute errors and relatively errors are very small with the present choice of t and x. These results are listed in Tables 1, Table 2 and Table 3 , it is seen that the implemented method achieves a minimum accuracy for the first three approximations for the initial condition (17). It is also evident that when more terms for the HPM are computed the numerical results get much closer to the corresponding exact solutions with the initial conditions (17) of Eq. (1).
Conclusions
In this paper, the homotopy perturbation method (HPM) was used for finding soliton solutions of a modified KdV equation with initial conditions. It can be concluded that the HPM is a very powerful and efficient technique in finding exact solutions for wide classes of problems. It is worth pointing out that the HPM presents a rapid convergence for the solutions. The obtained solutions are compared with the Adomian's decomposition method [4] . All the examples show that the results of the present method are in excellent agreement with those obtained by the Adomian's decomposition method. The HPM has got many merits and much more advantages than the Adomian's decomposition method. This method is to overcome the difficulties arising in calculation of Adomian polynomials. Also the HPM does not require small parameters in the equation, so that the limitations of the traditional perturbation methods can be eliminated, and also the calculations in the HPM are simple and straightforward. The reliability of the method and the reduction in the size of computational domain give this method a wider applicability. The results show that the HPM is a powerful mathematical tool for solving systems of nonlinear partial differential equations having wide applications in physics and engineering. 
